Abstract. We study an Ishikawa type algorithm for two multi-valued quasinonexpansive maps on a special class of nonlinear spaces namely hyperbolic metric spaces; in particular, strong and −convergence theorems for the proposed algorithms are established in a uniformly convex hyperbolic space which improve and extend the corresponding known results in uniformly convex Banach spaces. Our new results are also valid in geodesic spaces.
Introduction and preliminaries
A nonempty subset D of a metric space X is called proximinal if for each x ∈ X, there exists an element y ∈ D such that d(x, y) = d(x, D), where d(x, D) = inf{d(x, z) : z ∈ D}. Let CB(D), K(D) and P (D) denote the family of nonempty, closed and bounded subsets; nonempty, compact subsets and nonempty, proximinal and bounded subsets of D, respectively. Hausdorff metric on CB(D) is defined by: (i) nonexpansive if H(T x, T y) ≤ d(x, y) for all x, y ∈ D (ii) quasi-nonexpansive if F (T ) = ∅ and H(T x, T p) ≤ d(x, p) for all x ∈ D and all p ∈ F (T ) (iii) Lipschitzian if there exists a constant L > 0 such that H(T x, T y) ≤ L d(x, y) for all x, y ∈ D (iv) Lipschitzian quasi-nonexpansive if both (ii) and (iii) hold.
If F (T ) = ∅, then the class of multi-valued quasi-nonexpansive maps properly contains the class of multi-valued nonexpansive maps.
In 1968, Markin [15] established convergence results for multi-valued nonexpansive maps in a Hilbert space. Later, some classical fixed point theorems for single-valued maps were extended to multi-valued maps; for example, Banach Contraction Principle was extended for multi-valued contractive maps in complete metric spaces by Nadler [16] . Shimizu and Takahashi [20] established existence of fixed points of multi-valued nonexpansive maps in certain convex metric spaces. The study of multi-valued maps is a rapidly growing area of research (see, for instance [1, 18, 19, 22] ).
The algorithms with error term for single-valued maps in Banach spaces have been studied by many authors, see, e.g., [8, 21] and references therein.
Recently, Cholamjiak and Suntai [4] proposed and analyzed algorithms with bounded error term for multi-valued maps in Banach spaces as follows:
Let T 1 and T 2 be two quasi-nonexpansive multi-valued maps from D into CB(D) where D is a convex subset of a Banach space. Then for
where z n ∈ T 1 x n , z n ∈ T 2 y n , 0 ≤ α n , β n , α n +β n , α n , β n , α n +β n ≤ 1 and {u n }, {v n } are bounded sequences in D. Let T 1 , T 2 be two multi-valued maps from D into P (D) and
where z n ∈ P T 1 x n and z n ∈ P T 2 y 2 , 0 ≤ α n , β n , α n + β n , α n , β n , α n + β n ≤ 1 and {u n }, {v n } are bounded sequences in D.
Inspired and motivated by the work of Cholamjiak and Suntai [4] , we translate algorithms (1.1-1.2) in the general setup of W −hyperbolic spaces and approximate a common fixed point of two multi-valued quasi-nonexpansive maps.
Kohlenbach [11] introduced a general setup known as W −hyperbolic spaces which contains as a special case Banach spaces as well as CAT (0) spaces.
A W −hyperbolic space (X, d, W ) is a metric space (X, d) together with a map
for all x, y, z, w ∈ X and α, β ∈ [0, 1]. The triplet (X, d, W ) satisfying only (i) is the convex metric space due to Takahashi [23] . A subset K of a W −hyperbolic space X is convex if W (x, y, α) ∈ K for all x, y ∈ K and α ∈ [0, 1]. The class of W −hyperbolic spaces contains normed spaces and their convex subsets as subclasses and CAT (0) spaces form a very special subclass of the class of W −hyperbolic spaces with unique geodesic paths. A W −hyperbolic space X is uniformly convex [20] if for all u, x, y ∈ X, r > 0 and ε ∈ (0, 2], there exists a δ ∈ (0, 1] such that d W x, y,
] which provides such a δ = η(r, ε) for given r > 0 and ε ∈ (0, 2], is called a modulus of uniform convexity of X . We call η monotone if it decreases with r (for a fixed ε).
It has been shown in [13] that CAT (0) spaces are uniformly convex W −hyperbolic spaces with modulus of uniform convexity η(r, ε) = . Thus, uniformly convex W −hyperbolic spaces are a natural generalization of both uniformly convex Banach spaces and CAT (0) spaces. For details about CAT (0) spaces, see [2] and [9] . Now we transform (1.1) and (1.2) in a W −hyperbolic space. Let T 1 and T 2 be two quasi-nonexpansive multi-valued maps from D into CB(D) where D is a convex subset of a hyperbolic space. Then for x 1 ∈ D, generate {x n } as
where z n ∈ T 1 x n , z n ∈ T 2 y n , 0 ≤ α n , β n , α n + β n , α n , β n , α n + β n ≤ 1, {u n } and {v n } are bounded in D.
Let T 1 and T 2 be two multi-valued maps from D into P (D) and
where z n ∈ P T 1 x n and z n ∈ P T 2 y 2 , 0 ≤ α n , β n , α n + β n , α n , β n , α n + β n ≤ 1, {u n } and {v n } are bounded in D.
It is worth mentioning that the algorithms (1.3-1.4) coincide with the algorithms (1.1-1.2) when W (x, y, α) = αx+(1−α)y and X is a Banach space. Moreover, they provide algorithms in a CAT (0) space if W (x, y, α) = αx ⊕ (1 − α)y.
Let {x n } be a bounded sequence in a metric space X. For x ∈ X, define a continuous functional
x ∈ K} is called the asymptotic radius of {x n } with respect to K ⊂ X, (ii) for any y ∈ K, the set A K ({x n }) = {x ∈ K : r(x, {x n } ≤ r(y, {x n })} is called the asymptotic center of {x n } with respect to K ⊂ X.
If the asymptotic radius and the asymptotic center is taken with respect to X, then these are simply denoted by r({x n }) and A({x n }), respectively. In general, A({x n }) may be empty or may contain infinitely many points. Through asymptotic center technique of Edelstein [5] in Banach fixed point theory, one can conclude that bounded sequences in general W −hyperbolic and normed spaces do not have unique asymptotic center with respect to closed convex subsets. However, it is remarkable that a complete uniformly convex W −hyperbolic space with monotone modulus of uniform convexity enjoys this property [13] .
In 2008, Kirk and Panyanak [10] proposed a new type of convergence in geodesic spaces, namely −convergence, which was originally introduced by Lim [14] . They showed that −convergence coincides with weak convergence in Banach spaces satisfying the Opial condition and both concepts share many common properties. For a general iteration scheme in CAT (0) spaces, we refer the reader to [6] .
A sequence {x n } in X is said to −converge to x ∈ X if x is the unique asymptotic center for every subsequence {u n } of {x n }. In this case, we write x as −limit of {x n }, i.e., − lim n x n = x. For two multi-valued maps T 1 and T 2 , we set
If {a n } and {b n } are sequences of non-negative real numbers satisfying a n+1 ≤ a n + b n , n ≥ 1 and ∞ n=1 b n < ∞, then lim n→∞ a n exists. Lemma 1.2. [7] Let (X, d, W ) be a uniformly convex hyperbolic space with monotone modulus of uniform convexity η. Let x ∈ X and {α n } be a sequence in [b, c] for some b, c ∈ (0, 1). If {x n } and {y n } are sequences in X with
Let K be a nonempty, closed convex subset of a uniformly convex hyperbolic space and {x n } a bounded sequence in K such that A({x n }) = {y}. If {y m } is another sequence in K such that lim m→∞ r(y m , {x n }) = ρ, then lim m→∞ y m = y.
Main results
The following lemma collects some inequalities which are needed in the sequel.
Lemma 2.1. Let D be a nonempty, closed and convex subset of a W −hyperbolic space X. Let T 1 and T 2 be two multi-valued quasi-nonexpansive maps from D into CB(D) such that T 1 p = {p} = T 2 p for all p ∈ F = ∅.Then for the algorithm {x n } defined by (1.3) with 0 < l ≤ α n , α n ≤ k < 1, p ∈ F , we have
for some h > 0 because {u n } and {v n } are bounded sequences. We observe that
(ii) Utilizing (i), we have
and 0 < l ≤ α n ≤ k < 1, therefore we have
Rearranging the terms in the above inequality and using 0 < l ≤ α n ≤ k < 1, we get
Rearranging the terms in the above inequality and using 0 < l ≤ α n ≤ k < 1, we
Lemma 2.2. Let D be a nonempty, closed and convex subset of a uniformly convex W −hyperbolic space X. Let T 1 and T 2 be two multi-valued Lipschitzian quasi-nonexpansive maps from D into CB(D) such that T 1 p = {p} = T 2 p for all p ∈ F = ∅. Then for the algorithm {x n } defined by (1.3) with 0 < l ≤ α n , α n ≤ k < 1,
Lemma 2.1 (ii) and Lemma 1.1 give that lim n→∞ d(x n , p) exists. Assume that lim n→∞ d(x n , p) = c ≥ 0. Then it follows from Lemma 2.1 (i) that lim sup n→∞ d(y n , p) ≤ c. As {x n }, {y n }, {u n } and {v n } are bounded sequences, so max{sup n∈N d(v n , y n ), sup n∈N d(u n , x n )} < ∞. Also observe that 
Taking lim sup on both sides in Lemma 2.1 (iv) and using (2.1), we have
Further,
imply that lim sup n→∞ d z n , p ≤ c and lim sup n→∞ d W x n , u n ,
Taking lim sup on both sides in Lemma 2.1 (vi) and using (2.3), we get
As {x n } and{u n } are bounded, so is d u n , z n . Let K = sup n∈N d u n , z n .
Then it follows from an inequality in the proof of Lemma 2.1 (vi) and (2.4) that
It follows from (2.4) and (2.5) that
Using (2.2), (2.6) and the fact that z n ∈ T 2 y n , we get
Our next result deals with −convergence of the algorithm (1.3).
Theorem 2.3. Let D be a nonempty, closed and convex subset of a complete uniformly convex W −hyperbolic space X with monotone modulus of uniform convexity η and let T 1 and T 2 be two multi-valued Lipschitzian quasi-nonexpansive maps from D into CB(D) with
Proof. As {d(x n , p)} converges, therefore {x n } is bounded. Hence {x n } has a unique asymptotic centre, that is, A({x n }) = {x}. Let {u n } be any subsequence of {x n } such that A({u n }) = {u}. Then by Lemma 2.2, we have
where union is taken over all subsequences {u n } of {x n }. Let u ∈ w w (x n ). Now we show that u ∈ T 1 u. For this, we consider a sequence z n k ∈ T 1 u such that
Therefore, we have
This implies that |r(z n k , {u n }) − r(u, {u n })| → 0 as k → ∞. It follows from Lemma 1.3 that lim k→∞ z n k = u. Since T 1 u is closed, therefore u ∈ T 1 u. That is, u ∈ F (T 1 ). Similarly, we can show that u ∈ F (T 2 ). Hence u ∈ F. Next, we show that every subsequence {u n } of {x n } has the the same center. That is, w w (x n ) is singleton.We have already assumed that A({x n }) = {x} and A({u n }) = {u}.
As u ∈ F, so lim n→∞ d(x n , u) exists by applying Lemma 1.1 to (ii) in Lemma 2.1. Suppose x = u. Then by the uniqueness of asymptotic centre, we have lim sup
a contradiction. This proves that {x n }, − converges to a point in F.
Remark 2.4. Theorem 2.3 extends Theorem 4.6 in [12] to the case of two multivalued quasi-nonexpansive maps in a uniformly convex W −hyperbolic space. Moreover, the algorithm (1.3) is independent of compactness of the domain of maps.
Recall that a multi-valued map T :
The following result gives a necessary and sufficient condition for strong convergence of the algorithm (1.3) in a complete W −hyperbolic space. Theorem 2.5. Let D be a nonempty, closed and convex subset of a complete uniformly convex W −hyperbolic space X and let T 1 , T 2 be two multi-valued Lipschitzian quasi-nonexpansive maps from D into CB(D) with F = ∅. Then the algorithm {x n } in (1.3) with ∞ n=1 (1−α n −β n ) < ∞ and ∞ n=1 1 − α n − β n < ∞, converges strongly to a point in F if and only if lim inf n→∞ d(x n , F ) = 0.
Proof. If {x n } converges to p ∈ F, then lim n→∞ d(x n , p) = 0. Since 0 ≤ d(x n , F ) ≤ d(x n , p), we have lim inf n→∞ d(x n , F ) = 0. Conversely, suppose lim inf n→∞ d(x n , F ) = 0. Since lim inf n→∞ d(x n , F ) = 0 and lim n→∞ d(x n , F ) exists through Lemma 2.1 (ii), therefore lim n→∞ d(x n , F ) = 0. Next, we show that {x n } is a Cauchy sequence. Let ε > 0. Since lim n→∞ d(x n , F ) = 0 and ∞ n=1 h n < ∞ where h n = (α n + β n ) 1 − α n − β n + (1 − α n − β n ) h for some h > 0 as in Lemma 2.1 (ii), therefore there exists n 0 ≥ 1 such that for all n ≥ n 0 , we have that d(x n , F ) < . That is, inf {d(x n 0 , p) : p ∈ F } < ε 5
.There must exist p * ∈ F such that d(x n 0 , p * ) < .
We can also obtain approximation results for the algorithm (1.4). As the calculations in these results are similar to those in the above results, so we omit their proofs. Theorem 2.8. Let D be a nonempty, closed and convex subset of a complete uniformly convex W −hyperbolic space X with monotone modulus of uniform convexity η and let T 1 and T 2 be two multi-valued maps from D into P (D) with F = ∅ such that P T 1 and P T 2 are nonexpansive. Then the algorithm {x n } in (1.4) with 0 < l ≤ α n , α n ≤ k < 1, ∞ n=1 (1 − α n − β n ) < ∞ and ∞ n=1 1 − α n − β n < ∞, − converges to a point in F.
Theorem 2.9. Let D be a nonempty, closed and convex subset of a complete uniformly convex W −hyperbolic space X and let T 1 and T 2 be two multi-valued maps from D into P (D) with F = ∅ such that P T 1 and P T 2 are nonexpansive. Then the algorithm {x n } in (1.4) with 0 < l ≤ α n , α n ≤ k < 1,
